Chemical dynamics provides quite a number of examples of interesting and useful discrete models. But it catches one's eye that the majority of them are from the field of homogeneous chemistry. Whereas the chemical individuality of solid substances is represented in discrete terms of crystal lattices, the conventional description of solid state reaction dynamics is essentially continual. The recent progress in the theory of random mosaics and theory of planigons opens the way for developing an alternative discrete description in terms of Dirichlet tessellations. In the present paper the two approaches are compared from the angle of meaningful simulation. It seems that this may be of interest not only for chemists but also in the broad context of developing and employing discrete dynamical models.
INTRODUCTION
Both discrete and continual features are generally inherent for real phenomena and processes and may be exhibited in a larger or smaller measure depending on a particular angle they are considered from.
Many interesting examples of this may be found in various branches of science. Aiming to discuss this point with respect to the dynamics of solid state chemical reactions, refer the series of Shubnikov's (1975) works on crystal symmetry. They provide convincing evidence that the coexistence of such seemingly contradictory and mutually exclusive features as continuity and discontinuity within the 165 same crystal are not simply possible but logically necessary. Thus, one and the same crystal may possess, say, the cubic symmetry with respect to some properties and at the same time the spherical symmetry with respect to other properties, exhibiting discrete and continual features respectively.
Upon transition to a mathematical description, the picture becomes distinctly continual or discrete, i.e. this transition involves an important choice.
At this point we face a thought-provoking perplexity concerning the mathematical description of solid state reaction dynamics. The chemical features of crystals are described in discrete terms of crystal lattices. From the angle of heterogeneous chemical kinetics such crystals are solid reagents, i.e. the medium in which one or another solid state reaction proceeds. It should seem that discrete space and time naturally suggest themselves in this case for describing the reaction dynamics. But the conventional geometric-probabilistic description of these reactions, originated in the classical works of Kolmogorov (1937) , Johnson and Mehl (1939) , and Avrami (1941) , is essentially continual (modern presentation may be found, in particular, in Barret, 1973; Belen'kiy, 1980; Brown et al., 1980; Delmon, 1969; ,estak, 1984) . This is even more strange with the account that in the contiguous field of homogeneous chemical kinetics, where the introduction of discrete variables is not so direct, the discrete ideology has been finding much wider use (see Kapral, 1991 for review).
Figure gives an idea about the situation. The conventional continual formalism was developed for describing the experimentally observed "ratetime" dependencies. Now it is clear that they are determined by universal geometrical regularities of first-order phase transitions conjugated with solid state reactions. The continual approach is efficient for describing these regularities but only until one attempts to get a keener insight into the chemical mechanism of a reaction. Then a number of essential difficulties arise connected with the fact that the main variables has the geometric-probabilistic rather than chemical meaning, i.e. the chemical individuality of a solid reagent is not represented within the continual formalism in the proper manner.
On the other hand, this chemical individuality may be naturally described in discrete terms determined by the crystal chemical structure. But for discussing in these terms the observed macroscopic behaviour the geometry of the crystal space must be agreed with the geometry of the evolution of the reaction front with the account of relevant probabilistic aspects. A possibility to do this is connected with relatively recent progress in the theory of random tessellations (see Moller, 1992; , Stoyan et al., 1987 , Chiu, 1995 It should be noted that "from-the-very-beginning" discrete description is implied in the present context (rather than the substitution of a discrete model for a continual one as is often the case when net methods are used on the stage of computations). Mathematics is not simply a language but the language with the logic, the tool for considerations (Feynman, 1965 Barret 1973; Belen'kiy, 1980; Brown et al., 1980; Delmon, 1969; ; estak, 1984) . Here we will restrict ourselves to its brief outline and discussion of some particular features.
Crucial premises: The preferred occurrence of a solid state reaction and one and the same sigmoid form of the 'degree of conversion c time t' curves for fairly disparate in nature reactions. Main principles: A reaction is localized at the boundary between original and newly formed phases; it proceeds through the formation and growth of new phase nuclei; these nuclei appear in a random manner at the points of energetic inhomogeneity of original phase; the impingement of two nuclei stops their growth in this direction. Main quantities:
Time t, the degree of conversion c(t), the rate c(t), the kinetic coefficient k. Some derived quantities:
The nucleation law Ln(t) is the intensity of nuclei formation, the nucleus growth law Lg (% t) is a measure (volume or area) of a growing nucleus; the form factor r/, the age of a nucleus (t -) (where -is the instance of nucleus appearance). The central problem in developing the mathematical description: The account of the impingements of growing nuclei. The way of solving it: The degree of conversion c is identified with some probability P that an arbitrary point of the original phase will have appeared within a new phase up to the instant t. Main assumptions: The original phase is unrestricted; the nucleation is according to Poisson; the form and orientation of all growing convex nuclei are the same; the rate of a nucleus growth is independent of its age; these assumptions cannot be relaxed (Belen'kiy, 1980 ). The main model:
The relationship for the rate:
where w is the rate of a separate nucleus growth, and { is the integration variable. Some important characteristic features: Mathematical models are independent on the dimensionality; the spherical form of nuclei is chosen as a rule to satisfy one of the mentioned assumptions; the direct proportionality between the rate and the total length of the interface follows from the mathematical formalism without any additional assumptions. Crucial disadvantages: Though rigorous with respect to the nuclei impingement simulation, the geometric-probabilistic formalism is essentially ambiguous when the inverse kinetic problem (IKP) is concerned, resulting in the numerous failures in experimental data interpretation (Korobov, 1994 (1969) and Prodan (1990) .
The conventional phenomenology of solid state reaction dynamics has been using in heterogeneous kinetics for 60 years. During this period the philosophy of phenomenological description has been modifying materially, mainly due to the recent progress in synergetics and complexity theory (Haken, 1983; Nicolis and Prigogine, 1989 ). In the context of"eliminating the extra variables" (Haken, 1983; Careri, 1982) we realize how tremendous the distance between micro and macro is, in the case of solid state reactions. It becomes clear that complex heterogeneous systems possess phenomenological features that may hardly be discerned in considering more simple subsystems or through direct extrapolation of microscopic properties. One of the main conclusions is that one or another formalization of the mechanism must be based on an adequate phenomenological character representation of the chemical individuality of a solid reagent. In terms of the conventional continual approach the solid reagent is represented as a "sample" consisted of some abstract (as a rule spherical) "particles". This is obviously not sufficient for the close discussion of mechanisms of solid state reactions, and the potential of the continual description seems to be limited in this respect.
DISCRETE DESCRIPTION IN TERMS OF DIRICHLET TESSELLATIONS
Classical works of Kolmogorov (1937) (Fig. 2(a) ) into polydisperse polycrystalline products, this remains in the shadow and is masked to a degree by the use of formal adjustment parameters. But the picture is changed when a single crystal is taken as an original solid reagent.
Further a single crystal will be considered as a medium in which a solid state reaction proceeds and as a solid reagent simultaneously. Accordingly, this will be a finite real single crystal with defects restricted by crystal faces rather than ideal infinite crystal structure. In the present context it is reasonable to treat such a crystal as a set of growth pyramids as described in Shubnikov (1975) (Fig. 2(b) ).
In the majority of cases solid state reactions start at a surface and proceed into the bulk. Both mechanism and kinetics of interactions between the same reagents may be different at different crystal faces. Quite a number of examples may be found in Prodan (1990) . Therefore, it is appropriate to consider each crystal face with its growth pyramid separately (Fig. 2(c) ). In this way we arrive at the necessity to separate the description of the negative crystal growth, the form of a negative crystal being determined by the crystal chemical structure of a solid reagent (in Fig. 2 (c) such a negative crystal is hatched).
The next point is the central one in this logical chain: in simulating the negative crystal growth the reaction front advance along the surface and into the bulk must be described separately to take into account the non-equivalence of surface and bulk positions of a crystal structure. In other words, the description must be basically two-dimensional. It is worth noting that this is the direct consequence of symmetry considerations rather than the way to simplify the model representation at the expense of decreasing the dimensionality. There is also a sound formal argument. Reactions start at surfaces and, hence, the two-dimensional nucleation is implied. The geometric-probabilistic approach requires that nucleation and growth must be of the same dimensionality. Two-dimensional nucleation followed by three-dimensional growth would be the violation of the applicability conditions. In more details these and some other arguments were discussed in Korobov (1995b) .
It is adequate to represent a growth pyramid as a set of crystallographic planes parallel to the chosen crystal face (Fig. 2(d) ). This way of representing the bulk crystal structure is widely used when surfaces and their properties are concerned (see, for example, Ashcroft and Mermin, 1976) . The growth of a negative crystal is described separately within each plane (Fig. 2(e) ), the bulk process being followed layer-by-layer.
In this way the growth of negative crystals within a separate crystallographic layer is becoming the conceptually central object offormal description. The next step is determined by the need to represent the growth of a negative crystal in terms of the geometry of the crystal space of a solid reagent. This may be done in terms of planigons, the complete mathematical theory of which is developed in Delone et al. (1978) and Grtinbaum and Shephard (1987) . In the present context an important advantage of this mathematical tool, in comparison with more habitual crystal lattices, is such a characteristic as the extensional measure. Also, along with symmetry planigons represent the combinatorial-topological structure ofthe crystal space of a sample. Due to this the description is more detailed: 46 types of planigons correspond to 17 two-dimensional crystallographic groups (Table I) . There exists one-to-one correspondence between crystal lattices and planigons, and thus in passing from the former to the latter we lose nothing with respect to representing the chemical individuality of a solid reagent. Ashcroft and Mermin, 1976) . The Wigner-Seitz cell corresponding to the planigon tessellation shown in Fig. 3(c) is hatched by dots in Fig. 3(d) . This makes it possible to associate the reaction front advance with the translational symmetry of a sample. The superposition of a particular planigon tessellation and corresponding Wigner-Seitz tessellation (an example of which is shown in Fig. 3(d The significant increase in the probability for the given atom to participate in the elementary single-barrier event provided that one of neigbouring atoms has entered a reaction is represented as a propagation (or transmission) of a reaction. In this context discrete time may be introduced in two ways: (i) assuming the equiprobability of propagation from a given planigon to all adjacent symmetrically equivalent planigons, and (ii) assuming the equiprobability of propagation from a given Wigner-Seitz cell to all adjacent Wigner-Seitz cells. The latter is a bit more rough (more largescaled) variant of the former.
Corresponding to this are two ways of formalizing the unrestricted growth of a separate negative crystal: in terms of cellular automata and in terms of concentric belts.
Discrete Dynamics of Unrestricted Growth:
Distributed Description in terms of
Cellular Automata
The above superposition of the tessellations may be considered as a cellular automaton (CA), each cell of which consists of planigons (as is shown, for example, in Fig. 3(d) In terms of CA, the local interactions are represented as a set of rules according to which a unit or a group of units (a planigon or a cell consisted of planigons) may enter an evolving pattern. First of all we will be interested in the rules that take into account and make explicit the distinctions between translational and non-translational (point) symmetry of a crystal lattice with respect to the reaction front advance. Consider the planigon tessellations for p4 symmetry group shown in Fig. 3(c) . Planigons in this case are isosceles right triangles (Delone et al., 1978 (3) where ) denotes addition modulo 4. If a planigon or a cell has taken on the value 1, no further changes are possible for it (monotony condition). If a cell with the value 0 has in its yon Neumann neighbourhood specified as a set of displacement vectors in the form (4) at least one cell with the value 1, the reaction front is advanced towards the boundary planigon ( Fig. 3(e) ).
Note that this rule "keeps" the reaction front inside the cell until all planigons of this cell have entered a reaction. As a result, we get two alternating forms of the evolving pattern (Fig. 3(e) and (f) (Fig. 4) . At each step s (standing in this case for the discrete time) one concentric belt is added to the growing figure (nucleus).
We are interested in the number of cells C(s) that are added at each step s. To find it, consider the growing nucleus as a planar graph. is equal in this case to unity provided that the outer face is not taken into account (Ore, 1962) . In these
It may be shown (see Korobov, 1996a ) that for a separate belt ( )
and EB E 2u (8) where indexes B and b refer to the external and internal boundaries respectively (see Fig. 4 ), and u is the number of edges of a cell (i.e. either six or four in the present context). Using the known relationship (Ore, 1962) for the number of edges of a graph 2E uF + B Among various features of this description the following three seem to be the most relevant to the discussed points.
The reaction front advance is associated with the translational symmetry of the crystal structure in terms of difference equations. This is favourable with the account that the conventional formalism is formulated in terms of differential equations. In these terms the growth rate of a separate nucleus is linear. This result is obtained without any special assumptions and is in agreement with much experimental evidence (see Barret, 1973; Brown et al., 1980; Delmon, 1969 and references therein).
This description of the unrestricted growth is purely deterministic.
Thus, in terms of Wigner-Seitz cells it is possible to separate linear deterministic part within essentially nonlinear stochastic problem.
At this point we face an interesting interrelation between deterministic and stochastic description. Real phenomena and processes generally possess both deterministic and stochastic features manifesting them in a larger or smaller measure. In mathematical description of a phenomenon, the routine is to choose either deterministic or stochastic approach depending on the angle it is studied from. In our context we face somewhat different situation: a deterministic part may be singled out within stochastic description, that enables one to get a "chemical insight" into above geometrical universality. As is known, the organization of indeterministic elements into a system may generally result in either enhancement or suppression of this indeterminism (Blechman et al., 1983) . The latter is the case when the surface atoms participating in the naturally stochastic single-barrier events are organized into a crystal structure. Due to this, the inherent chemical regularities of a solid state reaction may be described in deterministic terms. This determines, in its turn, the framework for constructing stochastic part of the description.
Discrete Dynamics of Restricted Growth in terms of Random Mosaics
In reality, the growth of any nucleus is restricted by impingements with neighbouring nuclei. Stochastic part of the problem is represented by two interconnected phenomena: nucleation and nuclei impingements.
One of the main difficulties in describing a solid state reaction is that the above deterministic regularities of the reaction front advance and stochastic regularities of nuclei impingements belong to different levels of the "micro-macro" scale. The meaning of the terms micro and macro is conventional and depends on a particular context. In the present context the macroscopic level is represented by the universal geometrical regularities of firstorder phase transitions. Whereas phase transitions may occur without chemical transformations, any solid state chemical reaction involves disappearance and formation of phases proceeding through nucleation processes. Accordingly, the above geometry representing the chemical individuality of a solid reagent must be also agreed with the geometry of nucleation and nuclei impingements. The latter may be described in terms of one more variety of Dirichlet tessellations, random mosaics (Moller, 1994; Okabe et al., 1992; Stoyan et al., 1978 But another interpretation is also possible. Each cell of a random mosaic may be considered as a "rightful domain" of the seed situated in its center of action. In other words, a seed appearing at some arbitrary time will assume the form of corresponding cell at t---+ oc. Among various types of random mosaics we will be interested in Voronoi tessellations and Johnson-Mehl tessellations (see Moller, 1994; Okabe et al., 1992; Stoyan et al., 1978 , and references therein). In both cases the Poisson nucleation is assumed. Voronoi case corresponds to the situation when all nuclei appear at once at t=0.
Edges of cells of a random mosaic are lines along which neighbouring nuclei impinge, as is sketched in Fig. 5(b) . This makes it possible to simulate nuclei impingements as the impingements of a nucleus with the boundary of its cell. One may define the "local" geometrical degree of conversion as the ratio of the area of the nucleus at time to the area of corresponding cell and plot the "individual kinetic curve" c(t) for each cell. The omnipresent sigmoid curve "degree of conversion time", observed experimentally, may be considered as the average over all cells of random mosaic.
This gives an idea about the way in which deterministic and stochastic parts of the problem representing different levels of micro-macro scale may be conjugated. The random mosaic is characterized completely enough by its typical cell (Moller, 1994; Okabe et al., 1992; Stoyan et al., 1978) . The typical cell is always a hexagon for which the averaged area, averaged perimeter, and a number of other similar characteristics may be calculated analytically or estimated numerically. Figure   5 (c) sketches a typical hexagon with the growing nucleus inside it. The "individual kinetic curve" for a nucleus, which is the center of action of the typical hexagon, will represent the averaged picture.
Straight edges of the typical hexagon generally correspond to the spherical form of nuclei. In contrary to this, nuclei consisted from WignerSeitz cells impinge along stepwise lines the features of which were discussed in Korobov (1995a) . To take this into account, one has to construct the typical hexagon in the proper metric (Fig. 5(d) ).
Until the first impingement with the boundary the growth is linear (Fig. 5(e) ) and, therefore, is described by the difference equation (11) for unrestricted growth. In Korobov (1995a) In these terms the genesis of the always sigmoid curve "conversion-time" may be followed and due to this more information may be extracted in comparison with the continual approach in the framework of which geometrical details of impingements are avoided.
CONCLUSIONS
The main stimulus for developing the discrete alternative to the conventional continual description was to overcome the "chemical facelessness" and to escape in this way the vicious circle of discrimination issues. Though fairly dissimilar, continual and discrete descriptions discussed above have an essential common feature: in both cases we remain within the "nucleation-growth impingement" conception, and in mathematical respect both descriptions are geometric-probabilistic. With this in mind, the main conceptual aspects of the two approaches may be compared as follows.
Continual description
1. The main variable has the geometric-probabilistic meaning alone 2. Applies to new phases formation 3. The chemical individuality of a solid reagent is represented by scalar model coefficients which is insufficient for essentially nonlinear kinetic models 4. The routine is to represent the nucleation as a purely temporal point process 5. Geometrical details of nuclei impingements are taken into account implicitly. This ensures a relative simplicity in obtaining the final results. But in this way the deterministic part of the description is completely "dissolved" in the stochastic part, and the continual description as a whole becomes purely stochastic Discrete description
The main variable admits both chemical and geometric-probabilistic interpretations Applies to the original solid reagent The chemical individuality of a solid reagent is represented in terms of Dirichlet tessellations with due account of the crystal chemical structure.
Nucleation acquires a spatial representation in terms of random mosaics, which is more adequate to the spatial description of nucleus growth. In the framework of the discrete approach a similar "dissolution" would mean the loss of chemical information. Accordingly, the account of nuclei impingements is explicit: they are represented as the impingements of a separate nucleus with the boundary of the typical cell of corresponding random mosaic
It may be concluded that the two approaches are fairly disparate in the interpretational capability as well as in the computational efficiency and have good grounds to complement each other in the detailed close description of involved solid state reactions. But for making the simulation as meaningful as possible the first violin in their combination must be played by the discrete description applied to the original solid reagent being represented as a chemical individual.
The other coin of penetration of the ideas and methods of discrete dynamics into the field of heterogeneous chemical kinetics is the possibility to throw a bridge between the islands of homogeneous and heterogeneous kinetics. In passing from homogeneous to heterogeneous kinetic systems we face considerable increase of physicochemical complexity. To answer the question what increase in algoritmic complexity corresponds to this would be interesting in the broad context of developing discrete dynamical models and refining discrete calculus. It seems that suggested approach in terms of Dirichlet tessellations provides some opportunities in this respect.
